We present a stable and efficient method for the Bloch-mode computation of one-dimensional grating waveguides. The approach uses the Fourier modal method and the S-matrix algorithm to remove numerical instabilities. The use of perfectly matched layers provide a high accuracy. Numerical results obtained for different lamellar grating waveguides and for both TE and TM polarizations illustrate the performance of the approach. © 2002 Optical Society of America OCIS codes: 050.1960, 050.1950, 130.2790.5500.
The rigorous coupled-wave analysis 1, 2 (RCWA) also called the Fourier modal method, is a well-established numerical technique for the numerical study of gratingdiffraction problems. It can efficiently solve almost all one-dimensional grating-stack diffraction problems by the combinative use of the S matrix or the R matrix. 3 Recently, by use of appropriate absorbers in the grating region, this powerful numerical tool was extended to the simulation of aperiodic diffraction problems, 4 such as Bragg-grating waveguides, 5 grating couplers, 5 and photonic crystal waveguides. [5] [6] [7] The extension was also applied to the Bloch-mode computation of one-dimensional grating waveguides. 4 It is well established that the resonance anomalies of grating-waveguide filters, the coupling lengths of grating couplers, and the stop bands of Bragg waveguide mirrors and of surface-wave plasmons can be studied through the complex poles of the determinant of a scattering matrix that relates the diffracted and the incidence waves (see, for instance, Ref. 8 and references therein). In general, the computation of the poles (or, equivalently, the effective index n eff of the leaky mode) requires that one find the complex root of the determinant of the scattering matrix. This root search involves many iterative calculations of the determinant and often requires a good-guess value for the pole.
In contrast, the approach of Ref. 4 does not require any iteration; it straightforwardly computes the n eff value and the corresponding Bloch mode by solving for an eigenproblem. However, the transmission matrix (T matrix) used in Ref. 4 for the eigenproblem is unstable when a large number N of Fourier harmonics are retained for the computation or when large grating periods are considered. Obviously, this drawback greatly restricts the domain of application of the approach. For example, Bloch modes of highly conducting metal grating waveguides cannot be accurately computed. The purpose of this paper is to employ the S matrix to remove this limitation.
At the same time, we use perfectly-matched-layers (PML) techniques 9, 10 to enhance the computation accuracy. Let us consider the lamellar grating waveguide shown in Fig. 1 . The indices n h , n c , and n s are the refractive indices of the waveguiding film, the cover, and the substrate, respectively, t g is the groove depth, and t f is the thickness of the unpatterned film. The grating period along the z direction is denoted by ⌳. Planes H 1 and H 2 that are located at z ϭ z 1 and z ϭ z 2 , respectively, are chosen such that z 2 Ϫ z 1 ϭ ⌳, w is the artificial waveguide period (or the computation-window size) in the x direction, L c and L s are the thicknesses of the absorbers for the cover and for the substrate. This kind of grating waveguide has many applications. For example, it can be used as a grating coupler, a Bragg reflector, or a segmented waveguide.
As shown in our previous work, 4,5 the extension of the RCWA to modelize waveguide diffraction problems relies on an artificial periodization along the x coordinate and on the introduction of absorbers. The artificial periodization along the x coordinate virtually replaces the actual waveguide isolated in space by a periodic waveguide structure. Only one period is shown in Fig. 1 . The period (or the computational box size) is denoted by w. For the electromagnetic solution of the periodic waveguide geometry and that of the isolated waveguide structures to be identical, absorbers have to be incorporated between the waveguides. These absorbers (represented as rectangles in Fig. 1 ) are used to satisfy the ingoing wave condition at plane x ϭ w/2 and x ϭ Ϫw/2. As shown in Fig.  1 , the absorbers are composed of two independent parts; one is placed in contact with the cover and the other in contact with the substrate. Note that the absorber permittivity and permeability depend on the refractive indices of the cover and substrate only in an analytical way. As shown in Ref. 5 , good absorbers guarantee a good numerical accuracy. We provide results in the following for simple gradient-index and PML absorbers.
With the inclusion of the absorbers that results in a modification of the index-distribution profile, the waveguide modes and their effective indices are computed by solving the Helmoltz equation in every uniform section of the waveguide. For TE polarization, the classical Helmoltz equation is
where E y is the y component of the electric field, k 0 is the modulus of the wave vector and ⑀(x) is the relative permittivity distribution of the uniform section of the waveguide. A temporal dependence of exp(Ϫjt) is assumed throughout the paper. When PML absorbers are considered, magnetic and anisotropic media have to be considered and Eq. (1) has to be generalized to
where xx (x), zz (x), and ⑀(x) are periodic functions representing the generalized relative permeability and permittivity. They are given by xx (x)ϭ zz (x) ϭ 1 and ⑀(x) ϭ n 2 (x) outside the PML absorbers, and
is the transverse refractive-index distribution of a uniform section of the grating waveguide, and g is a parameter that can be chosen for optimal purpose. The (1 ϩ j) factors in the generalized relative permeability and permittivity are introduced to absorb both propagating and evanescent waves in the PML absorbers. 5 The TMpolarization case can be similarly treated in terms of the symmetric properties 5 of ⑀ ↔ and E ↔ H. Because the structure is periodic in the x coordinate, Eq. (1) or Eq. (2) can be solved with RCWA. The electromagnetic field quantities are first expanded in Fourier series. For the electric field, we have
where K ϭ 2/w, j 2 ϭ Ϫ1 and S m is the unknown nor[pmalized amplitude of the mth space-harmonic field. Then Eq. (1) or Eq. (2) is solved as an eigenproblem 1, 2, 5 in the Fourier basis to compute the modes in every uniform section of the waveguide. Thus in each section, the electromagnetic field E y is looked for as a superposition of modes
where T is the T matrix, S 11 , S 12 , S 21 , and S 22 are the four submatrices of the S matrix. Both the T matrix and the S matrix can be computed by solving for the eigenproblems associated with the two uniform sections of the grating waveguide and by matching the electromagneticfield quantities at the two interfaces between the two uniform sections. 3 Since the Bloch mode is a pseudoperiodic function of the z variable, the Bloch-mode column-vector coefficients satisfy d 2 ϭ ␤d 1 and u 2 ϭ ␤u 1 , where ␤ denotes the factor exp(Ϫik 0 n eff ⌳). Substituting these relations into Eqs. (5) and (6) yields the following eigenproblem equations, respectively:
ͫ S 11 0
In the T-matrix approach of Ref. 4 , the eigenvalue ␤ and consequently n eff are directly determined by solving for Eq. (7) as a standard eigenproblem. The method suffers from the well-known numerical instabilities 3 of the T matrix. Instead, in the S-matrix approach presented here, the eigenvalues ␤ are directly determined by solving for Eq. (8) as a generalized eigenproblem without any instability as evidenced in the following numerical results.
To clearly understand the advantage of the S-matrix approach, we numerically investigate the lamellar grating-waveguide problem studied by Chang et al.
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The grating-waveguide parameters are given in the Fig. 1 caption. The n eff values obtained with the two approaches are shown in Table 1 for TE (electric field parallel to the y direction) and, TM (magnetic field parallel to the y direction) polarizations. For the computation, the numerical parameters are chosen such that L s ϭ L c ϭ and w ϭ 6. In this example, the absorbers are composed of gradient-index film stacks with complex refractive-index distributions that vary parabolically from n s ϩ 0j to n s ϩ 1j for the substrate absorber and from n c ϩ 0j to n c ϩ 1j for the cover absorber. Note that the values ␣ in Table 3 of Ref. 11 is 2 times the imaginary parts of n eff . From Table 1 , one concludes that the T-matrix approach is unstable for large N values (for example, when N ϭ 301, no numerical results are obtained). On the other hand, the S-matrix approach is perfectly stable.
As pointed out by Refs. 4 and 5, the absorber quality also has an important influence on the accuracy of the computational results. Good absorbers are required for high performance. Through numerical experiments, we find that the computed effective indices, especially their imaginary parts, are somewhat sensitive to the value of w. For example, for TM waves, n eff converges to 1.609 ϩ 0.00074j for w ϭ 6 but converges to 1.609 ϩ 0.00064j for w ϭ 5; for TE waves, n eff converges to 1.583 ϩ 0.0024j for w ϭ 6 but converges to 1.582 ϩ 0.0018j for w ϭ 5. To further improve the accuracy of the approach, we now use PML absorbers. In principle, PML allow us to fulfill exactly the incoming-wave condition in the cover and in the substrate. The effective indices computed with PML are shown in Table 2 for TE and TM polarizations. The corresponding CPU times, which are nearly independent of the polarization, are given in the third column (we use the Matlab version 6.0 and a Pentium III 500-MHz computer). The parameters chosen for the computation are L s ϭ L c ϭ /2, w ϭ 3, and g ϭ 5. A comparative inspection of Tables 1 and 2 clearly evidences the beneficial impact of the PML. In addition, through numerical experiments, we found that the n eff values are nearly insensitive to the period w. Concretely, for w у 3, n eff always converge to 1.609 ϩ 0.00071j for TM waves and 1.582 ϩ 0.0023j for TE waves; two values that are in excellent agreement with those of Ref. 11 . High accuracy and fast convergence are achieved.
In the above example, the scattered light in the cover is due to the radiation of a single backward harmonic wave. To further test the accuracy of the method, let us now consider the segmented-waveguide structure of Ref. 12 (see Table 1 in Ref. 12 for details concerning the structure), for which more than ten harmonic waves are radiated in the cover and in the substrate. This example allows for a thorough testing of the influence of the absorbers on the accuracy of the method since the Bloch mode strongly radiates and thus interacts with the absorbers. For the computation, the parameters are chosen such that L s ϭ L c ϭ , w ϭ 7 m, and g ϭ 5. Again we achieve a fast convergence. For example, when 61 Fourier harmonic waves are retained, the computed effective index is n eff ϭ 1.86026 ϩ j1.333 ϫ 10 Ϫ6 for TM polarization and for a fill factor of 0.5. This value compares well with the ''exact'' value 1.8602665 ϩ j1.3409 ϫ 10 Ϫ6 we obtained using the rigorous coupled-wave analysis with 301 Fourier harmonics and searching for the pole of the determinant. 8 For the computation of the complex pole, we used a Padé algorithm, and the root search was performed with only a few iterations starting from the initial-guess value provided by the proposed method. Again an excellent agreement is achieved.
The algorithm presented in this communication for the Bloch-mode computation of one-dimensional grating waveguides is unconditionally stable. Although mainly one grating geometry was investigated in this work, we recently applied the method successfully to different grating geometries, such as two-dimensional segmented waveguides, grating couplers, 5 Bragg gratings, 5 and photonic-crystal waveguides 6 and to three-dimensional photonic-crystal waveguides with one line missing. The method provides highly accurate results and a fast convergence rate; and a fourth-digit accuracy was achieved with a CPU time Ͻ1 s for simple dielectric waveguides such as the one considered in Fig. 1 .
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